We present a theory of valence holes as Luttinger spinor based qubits in p-doped self-assembled quantum dots within the 4-band k · p formalism. The two qubit levels are identified with the two chiralities of the doubly degenerate ground state. We show that single qubit operations can be implemented with static magnetic field applied along the z axis (growth direction) forσ z operation and with magnetic field in the quantum dot plane, x direction, forσ x operation. The coupling of two dots and hence the double qubit operations are shown to be sensitive to the orientation of the two quantum dots. For vertical qubit arrays, there exists an optimal qubit separation suitable for the voltage control of qubit-qubit interactions.
I. INTRODUCTION
There is currently interest in using single electron spins in quantum dots (QDs) for quantum information processing (QIP) applications [1] [2] [3] [4] [5] [6] . In III − V semiconductor quantum dots, such as GaAs, spins of conduction band electrons couple to nuclear spins of the host material and suffer decoherence due to hyperfine interactions. However, valence hole states are built from atomic p-type orbitals, which are expected to minimize the hyperfine interaction between the hole and surrounding nuclear spins 7 . The spin of a valence hole as a qubit is expected to have longer coherence time. A theory of heavy holes as qubits has been developed in the single band approximation [7] [8] [9] . The justification for the use of the heavy hole single band approximation is that strain and QD confinement suppress the coupling between heavy hole (HH) and light hole (LH) bands. Under such an assumption, the qubit levels are defined by the J z = +3/2 and J z = −3/2 HH states.
In such a simple model, the exchange coupling J needed to generate entanglement between spins of two holes is proportional to t 2 /U, where t is the tunneling strength of the hole and U is the on-site Coulomb energy. However, recent theoretical 10 and experimental 11 work
show that in two vertically coupled disk-like QDs the spin orbit (SO) coupling between HH and LH bands changes the sign of the effective tunneling matrix element t as a function of inter-dot distance. If the inter-dot distance is smaller than a critical value, the hole state is mainly symmetric. However, if the inter-dot distance passes the critical value, the hole state is mainly antisymmetric. These results suggest that a description of an array of holebased qubits requires taking into account the hole tunneling between dots with SO coupling between HH and LH bands. The theory of valence holes in quantum dots with strong SO coupling has been developed already [12] [13] [14] [15] [16] [17] 
where I is the identity matrix,h is Planck's constant, Ω =heB/m 0 c is the cyclotron energy, and κ is a material parameter. V (r) represents a 3D infinite potential well in case of a single QD in this study. The operator J is the angular momentum operator for spin 3/2 particle defined in Ref. 19 . The operators in Eq.(1) are defined as followŝ
where γ 1,2,3 represent the Luttinger material parameters,
, a = x, y, z, and k − = k x − ik y . For this study, we choose In-GaAs/GaAs QDs. The InGaAs Luttinger material parameters are γ 1 = 11.01, γ 2 = 4.18, and γ 3 = 4.84. The subscript 0 means no external field in this study.
The LK Hamiltonian in Eq.(1) exhibits several symmetries that we use to characterize the Luttinger spinors (the eigenstates of the LK Hamiltonian). The confining potential along the z direction is symmetric with respect to the origin defined in the middle of the structure; yet, due to spin-orbit coupling between different bands, our system does not have definite parity symmetry along the z direction but the time reversal symmetry of the system demands the two HH bands have opposite parity. The same also holds for LH bands. This allows us to define the chirality operator 10,12 which reads,
whereî z is the inversion operator with respect to the z variable. Theχ z operator has 2 eigenvalues, which we denote by ↑, and ↓. In the case of χ z =↑, the Luttinger spinors have even parity with respect to z for the first two components of the spinor and odd parity with respect to z for the last two components of the spinor. In the case of χ z =↓, the parity pattern is reversed between the first two and last two components of the spinor. Furthermore, square
QDs also have parity symmetry in the x−y plane, and we may define another parity operator χ xy analogous to theχ z by replacingî z withî xîy on the diagonal terms in Eq.(3) whereî x andî y are inversion operators along the x and the y direction respectively. Arguments for theχ z operator also apply to theχ xy operator. The only difference is that theR operator in Eq. (2) involves (k − ) 2 term which prevents further separation of x and y variables. Again, χ xy has 2 eigenvalues denoted by χ xy = +1 and χ xy = −1. For χ xy = +1, the first two components of the spinor must have the same parity with respect to x and y, and the last two components of the spinor must have opposite parity with respect to x and y. For χ xy = −1, . In our analysis, we expand the envelope function of the Luttinger spinors in eigenstates of the 3D infinite potential well of the size of our computational box. As mentioned, the chirality and the x − y parity symmetries allow us to label Luttinger spinors by χ z , χ xy , and N, which index the N th eigenstate of subspace χ z and χ xy . For instance, the N th state of the subspace χ z =↑ and χ xy = +1 reads
where p = 1, 2, 3, ... are positive integers. C χz,χxy,N,Jz nml represents the coefficient for the envelope function of a specific component |J z of Luttinger spinors. In our study, we assume that the confinement along the z direction is strong, so we only need to consider the first 2 eigenfunctions of the 1D infinite potential well in this direction. ξ sr (r) = From here onwards, the Luttinger spinor is written with the components corresponding to the Bloch functions in the order J z = 3/2, −1/2, +1/2, −3/2 as done in Eq. (4), and we will no longer explicitly write out the Bloch functions |J z as we have done above.
III. HOLE STATES IN SINGLE QUANTUM DOT
In this analysis, we take the entire Luttinger spinor as a representation of valence hole state confined in the quantum dots as opposed to adopting the HH single band approximation 7, 8 . Due to the time reversal symmetry, we have a doubly degenerate ground state with distinct chirality at zero field. We encode the qubit with the chirality, χ z , of the ground state Luttinger spinors. We show that static magnetic fields applied along the z and the x direction indeed act asσ x andσ z operators respectively in the qubit subspace. This result assures all the basic ingredients needed to perform arbitrary single qubit rotations.
A. Hole under B z field
By diagonalizing the LK Hamiltonian for a square QD, we find that the 2 ground states are characterized by quantum numbers (χ z =↑, χ xy = −1) and (χ z =↓, χ xy = +1) respectively.
Let us denote the state with |χ z =↑ by |1 , and the other state with |χ z =↓ by |0 . We
give an approximate form of the envelope wave functions
where ξ 1 (r) = 
where ω z = eBz ch
. Whether the applied field can break the chirality symmetryχ z and the x-y parity symmetryχ xy depends on the commutation relations betweenP
operators and inversion operatorsî z andî xîy . SinceP
commute withî z , the Hamiltonian can not mix the 2 spinors of different chiralities. Indeed, when we project the Hamiltonian we find the off-diagonal matrix elements 1|Ĥ LK |0 = 0, and the diagonal matrix elements 1|Ĥ LK |1
and 0|Ĥ LK |0 differ only by the Zeeman energy. The diagonal matrix elements read,
where the coefficients a, b, c, d are defined in Eq.(5). As the ground state of flat QDs has dominant contributions from HH components, typically |a| 2 ≈ 0.9 is much greater than the magnitude of other coefficients. In HH single band approximation, one simply sets |a| = 1 and other coefficients to be 0.
B. Hole under B x field
Next, we consider the system subject to a constant B x field. 
where
. We find that the diagonal matrix elements 1|Ĥ LK |1 = 0|Ĥ LK |0 , and the off-diagonal matrix elements are given by
where Ω x =heB x /mc. |g i stands for the envelope function of the i hole states in Eq. More sophisticated techniques such as electric dipole spin resonance (EDSR) are needed.
However, in our proposal, we define qubit states with the entire Luttinger spinor, which is an admixture of all HHs and LHs, and the mixing of the two qubit states is due to the coupling between the two Luttinger spinors as manifested in Eq.(9).
Theσ z operator for our proposed Luttinger spinor based qubit is essentially driven by the Zeeman energy; whereas theσ x operator is based on the mixing of valence hole components by vector potential A and SO coupling. Due to the different mechanisms of how the 2 qubit states are operated on by B z and B x field, the effective g factor (for a simple spin in an external field) seems to have much stronger transverse component 21 , g ⊥ >> g // . Hence it takes more time to perform a spin flip process with the Luttinger spinor based qubit. We will characterize the single qubit operating time with theh/∆E gap , where ∆E gap is the energy difference between ground and first excited state under B x field. From Fig 2b, we see the characteristic time is around 1.5 ns when B x = 1T . However, modulating the strain of the host material can relax the QD confinement along the z direction, induce a stronger planar component of the g factors and improve the single qubit operating time.
Finally, we remark that the Luttinger spinor based qubits are susceptible to the same channels of decoherence that are already discussed for valence hole confined in QDs in Refs. 9,22-24. However, electric field fluctuation in the background of the host material will not affect the Luttinger spinor based qubits. As the electric field induced dipole transitions, ψ j |eE(t) · r|ψ i , conserve the time reversal symmetry, the two qubit states, which are Kramers doublets, will not be mixed.
IV. HOLE STATES IN COUPLED QUANTUM DOTS
Taking also into account that we only consider 2 states of distinct chirality on each QD, the on-site Coulomb interactions term in Eq.(10) reduces to
wheren j(j ′ ) is the number operator, and j, j ′ represents the 2 chirality states on a QD. Different from electron spins, the on-site Coulomb interaction between valence holes is composed of a direct Coulomb term U c and an exchange term U x which enhance the overall interaction.
However, apart from this difference, once we have parameterized the tunneling parameter t and U, we have the Hubbard Hamiltonian. In the strong Coulomb regime, the interaction between 2 localized particles in the Hubbard model can be reduced to two spins with the Heisenberg exchange constants J proportional to t 2 /U.
An interesting phenomenon 11 associated with valence holes is the possibility of engineering t to be either positive, zero or negative in a stack of vertically coupled cylindrical QDs by simply tuning the inter-dot distance. As the exchange coupling between 2 qubits is directly proportional to t 2 , this implies qubit-qubit interactions can be turned on and off as needed.
We would like to investigate whether the similar phenomenon will happen with square QDs stacked either in a vertical or lateral structure.
To estimate the magnitude of t, we rely on a tight-binding picture in which a valence hole tunnels between the two dots and the hybridization of local orbitals gives a symmetric state, 1/ √ 2(|1 + |2 ) with energy E 0 − t and an antisymmetric state, 1/ √ 2(|1 − |2 ) with energy E 0 + t. Thus, the energy gap between first excited state and ground state is 2t. So we compute the energy spectrum of a single valence hole in a double QDs by exact diagonalizing Eq. (1), then we extract the value of t from the calculated energy gap.
A. Hole states in vertically coupled quantum dots
The potential V (r) of VCQDs is modeled with an infinite potential well along the x and the y direction and double well potential profile along the z direction. In the barrier region between the dots, we set a constant finite potential of 320 meV corresponding to the band offset between InGaAs and GaAs, same as reported in Ref. 10 , so we may draw a comparison between square-like and disk-like dots.
As shown in Fig 3a, 
V. CONCLUSION
In summary, we consider the Luttinger spinor description of confined valence hole states in QDs. We identify the two qubit levels with two chiralities of the lowest energy Kramers doublet and suggest that B z and B x fields act analogously to theχ z andχ x operators.
For arrays of hole qubits we study tunneling of holes in vertical and lateral architecture as dominant mechanism for the qubit exchange interaction. We show that tunneling can be arrested for vertical pairs of quantum dots but not for lateral architecture. The capability to switch the sign of the effective tunneling t in VCQDs is demonstrated. This suggests the possibility of turning off the exchange interaction. With such exchange interaction being very small one can envisage tuning this interaction with additional metallic gates.
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Appendix: On-site Coulomb matrix elements
The on-site Coulomb matrix elements among valence hole states |j i = |χ z i χ xy i , N i can be evaluated as follows 
